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Nomenclature

T′ w
temperature of the plate ρ density μ dynamic viscosity ρ nf effective density of the nanofluid μ nf effective dynamic viscosity of the nanofluid n empirical shape factor for the nanoparticle ν kinematic viscosity ϕ solid volume fraction of nanoparticles T' temperature of the fluid T′ ∞ temperature of the fluid far away from the plate k thermal conductivity k nf thermal conductivity of the nanofluid β thermal expansion coefficient β nf thermal expansion of the nanofluid t' time g acceleration due to gravity Gr thermal Grashof number T non-dimensional temperature t time U non-dimensional velocity along x-axis, u velocity along x-axis v velocity along y-axis Subscripts f base fluid nf nanofluids s solid nanoparticles
Introduction
The transient natural convection flows over vertical bodies has wide range of applications in engineering and technology. These kinds of problems are frequently encountered in the study of enhanced heat transfer around various kinds of electrical and electronic devices, nuclear reactors. In manufacturing process such as hot extrusion, metal forming, crystal growing heat transfer effects plays an important role. In these cases the surfaces might be non-isothermal surfaces, with transient natural convection flow over a vertical plate. Therefore one has to choose the boundary conditions accordingly. With this motivation Muthukumaraswamy and Ganesan (1999) presented finite-difference solution of the transient natural convection flow of an incompressible viscous fluid past an impulsively started semi-infinite vertical plate with variable surface temperature and mass flux. Ganesan and Rani (2000) studied the problem of transient natural connective flow over a vertical cylinder with surface temperature of the cylinder varying as x m , a power function of distance from the leading edge. Kishore et al. (2010) presented numerical solution of the effects of thermal radiation and viscous dissipation on unsteady laminar free convective heat and mass transfer in a viscoelastic fluid past a vertical cone with surface temperature T′ ¼ T′ ∞ + ax m varying as power function of distance from the apex of the cone (x ¼ 0) in the presence of a transverse magnetic field applied normal to the surface. investigated the effects of Darcian drag force and radiation-conduction on unsteady two-dimensional magnetohydrodynamic flow of viscous electrically conducting and Newtonian fluid over a vertical plate adjacent to a Darcian regime with variable surface temperature in presence of thermal radiation and transversal magnetic field. In all these studies a well-tested, numerically stable Crank-Nicolson finite-difference procedure is employed for the conservation equations.
However, conventional heat transfer fluids, for example oil, water and ethylene glycol mixtures, are poor heat transfer fluids because of their poor thermal conductivity. Application of these fluids as a cooling tool enhances manufacturing and operating costs. Many attempts have been taken by many researchers to enhance the thermal conductivity of these fluids by suspending nano/micro particles in liquids (Choi, 1995; Abu-Nada et al., 2012) . Nanofluids are made of ultrafine nanoparticles (o100 nm) suspended in a base fluid,
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Variable surface temperature which can be water or an organic solvent (Choi, 2009) . Several studies have been published on the modelling of natural convection heat transfer in nanofluids: Das and Shridhar (2009) investigated natural convection heat transfer augmentation in a partially heated and partially cooled square cavity utilising nanofluids. studied laminar MHD mixed convection flow of a nanofluid along a stretching permeable surface in the presence of heat generation or absorption effects. Also presented nonsimilar solution for natural convective boundary layer flow over a sphere embedded in a porous medium saturated with a nanofluid. Rohni et al. (2011) studied boundary layer flow over a moving surface in a nanofluid beneath a uniform free stream. Gorla et al. (2011a) studied heat transfer in the boundary layer on a stretching circular cylinder in a nanofluid. Later, Gorla et al. (2011b) analysed the problem of mixed convective boundary layer flow over a vertical wedge embedded in a porous medium saturated with a nanofluid. Rashad et al. (2011) discussed natural convection boundary layer of a non-Newtonian fluid about a permeable vertical cone embedded in a porous medium saturated with a nanofluid. Chamkha et al. (2011) analysed the unsteady boundary layer flow of a nanofluid over a horizontal stretching plate in the presence of melting effect. Also studied the problem of mixed convection boundary layer flow over an isothermal vertical wedge embedded in a porous medium saturated with a nanofluid. investigated natural convection from a vertical permeable cone in a nanofluid saturated porous media for uniform heat and nanoparticles volume fraction fluxes. Recently Turkyilmazoglu and Pop (2013) discussed heat and mass transfer of unsteady natural convection flow of some nanofluids past a vertical infinite flat plate with radiation effect. Loganathan et al. (2013) studied the effects of radiation on an unsteady natural convective flow of a nanofluid past an infinite vertical plate. Makinde (2013) studied the effects of viscous dissipation and Newtonian heating on boundary layer flow of nanofluids over a flat plate. Sheikholeslami et al. (2014) presented a study of natural convection heat transfer in a nanofluid filled enclosure with elliptic inner cylinder. studied the effect of magnetic field on Soret driving free convection in an inclined porous cavity saturated by a conducting binary mixture. Turkyilmazoglu (2014) analysed unsteady convection flow of some nanofluids past a moving vertical flat plate with heat transfer by the usual Laplace transform technique.
The objective of this paper is to study the transient natural convection flow of an incompressible viscous nanofluid and heat transfer from an impulsively started semi-infinite vertical plate with variable surface temperature numerically. The governing boundary layer equations along with the initial and boundary conditions are solved by an implicit finite-difference method of the Crank-Nicolson type, which is unconditionally stable and convergent. Numerical results for the transient velocity, temperature, skin-friction coefficient and Nusselt number are presented and discussed in tables and graphs. The present study also provides an important benchmark for further simulations of nanofluid dynamic transport phenomena of relevance to materials processing, with alternative computational algorithms (e.g. finite element methods).
Unsteady nanofluid dynamic mathematical model
Unsteady laminar two-dimensional boundary layer free convective flow of a viscous incompressible nanofluid past an impulsively started semi-infinite vertical plate is considered. The x-axis is taken along the plate in the vertically upward direction, and the y-axis is taken normal to the surface of the plate as shown in Figure 1 . The gravitational acceleration g acts downward. Initially, both the plate and the nanofluid are stationary at the same temperature T′ ∞ . They are maintained at this 330 HFF 26,1 condition for all t′ ⩽ 0. At time t′W0, the plate is given an impulsive motion in the vertically upward direction with the constant velocity u 0 . The plate temperature is raised
, which is thereafter maintained at the same level. It is assumed that the effect of viscous dissipation is negligible in the energy equation. The fluid considered here is water-based nanofluid containing different types of nanoparticles: aluminium oxide (Al 2 O 3 ), copper (Cu), titanium oxide (TiO 2 ) and silver (Ag). In this study, nanofluids are assumed to behave as single-phase fluids with local thermal equilibrium between the base fluid and the nanoparticles suspended in them so that no slip occurs between them. A schematic representation of physical model and coordinate system is depicted in Figure 1 . The thermo-physical properties of the nanofluids are given in Table I (see Oztop and Abu-Nada, 2008; Loganathan et al., 2013) . The boundary layer and Boussinesq approximations are assumed to be valid. Under these assumptions, the governing boundary layer equations according to the model for nanofluids given by Tiwari and Das (2007) can be written in dimensional form as: 
for all x and y t 0 40 :
where A ¼ ððu 0 Þ=ðn f ÞÞ m . For nanofluids the expressions of density ρ nf , thermal expansion coefficient (ρβ) nf and heat capacitance (ρC p ) nf are given by:
The effective thermal conductivity of the nanofluid according to Hamilton and Crosser (1962) model is given by:
where "n" is the empirical shape factor for the nanoparticle. In particular n ¼ 3 for spherical shaped nanoparticles and n ¼ 3/2 for cylindrical ones.
The following dimensionless parameters are defined:
With the non-dimensional variables (7), Equations (1)- (3) become:
The initial and boundary conditions in non-dimensional quantities are given by: 
Now Equations (9) and (10) in terms of E 1 , E 2 and E 3 are:
3. Numerical technique An implicit finite-difference scheme of Crank-Nicolson type has been used to solve the governing non-dimensional Equations (8), (13) and (14) under the initial and boundary conditions (11). The finite-difference equations corresponding to Equations (8), (13) and (14) are as follows:
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Variable surface temperature
The method of solving the above finite-difference equations using Thomas algorithm has been discussed by Ramachandra Prasad et al. (2007) . The region of integration is considered as a rectangle with sides X ¼ 0 to X max ¼ 1 and 
Exact solution and validation of numerical solution
In the absence of inertial terms, Equation (14) becomes:
The analytical solution of Equation (18), subject to the boundary conditions (11) (when m ¼ 0) by using Laplace transform method is given by:
To check the accuracy of the numerical results, the temperature profiles of the present study (when m ¼ 0) are compared with the analytical solution given by Equation (19) in Figure 2 and found to be in very good agreement. Confidence in the implicit finite-difference numerical solutions is therefore high.
Engineering quantities
In materials processing problems, the local skin-friction coefficient C f , local Nusselt number Nu, average skin-friction coefficient C f and the average Nusselt number Nu are important characteristics which are defined, respectively, as follows:
where τ w is the skin-friction or shear stress and q w is the heat flux or the rate of heat transfer from the surface of the plate, and they are given by:
Using the non-dimensional variables (7), we get the following equations. The local skin-friction coefficient:
The local Nusselt number:
The average skin-friction coefficient: 
The derivatives and integrals involved in Equations (25) to (28) are evaluated using a five-point approximation formula and Newton-Cotes closed integration formula, respectively.
Results and discussion
In order to get a physical insight into the problem, we have numerically evaluated the effects of significant parameters such as the thermal Grashof number (Gr), nanoparticle volume fraction (ϕ), temperature exponent (m), coordinate (X) and the time (t) on the velocity and the temperature profiles in the boundary layer region. In the present computations, the following default values for the parameters are prescribed (unless otherwise stated): m ¼ 0.5, Gr ¼ 5, X ¼ 1, t ¼ 0.5, and ϕ ¼ 0.04. In this study, we consider different types of nanofluids containing aluminium oxide (Al 2 O 3 ), copper (Cu) , titanium oxide (TiO 2 ) and silver (Ag) nanoparticles with water as a base fluid. The nanoparticle volume fraction is considered in the range of 0 ⩽ ϕ ⩽ 0.04, as sedimentation takes place when the nanoparticle volume fraction exceeds 8 per cent. Also, we consider spherical nanoparticles with thermal conductivity and dynamic viscosity shown in Model I in Table II ( With large values of this parameter, buoyancy effects dominate and for small values the viscous effects dominate. It is found in Figure 3 that an increase in the thermal Grashof number leads to increase in the velocity of Cu-water nanofluid. This means that the buoyancy force accelerates the velocity field. This is because an increase in the value of thermal Grashof number has the tendency to induce much flow in the boundary layer due to the effect of thermal buoyancy. But in Figure 4 , the temperature of Cu-water nanofluid is found to decrease with the increase in the thermal Grashof number Gr. This means that the buoyancy force decelerates the temperature field. Figure 5 that the velocity profiles of the Cu-water nanofluid decrease inside the boundary layer with the increase in the nanoparticle volume fraction ϕ. This is expected since the addition of the nanoparticles makes the fluid more viscous and thus, slows down the flow. Furthermore, it is found in Figure 6 that, the temperature profiles of the Cu-water nanofluid increase with the increase in nanoparticle volume fraction ϕ. Consequently, with increasing values of the volume fraction of the nanoparticles (Cu), the thermal boundary layer is increased. This agrees with the physical behaviour in that when the volume fraction of copper increases, the thermal conductivity increases, and then the thermal boundary layer thickness increases. Figures 7 and 8 , respectively. For m ¼ 0, the power-law variation of the temperature at the plate surface reduces from T′ ¼ T′ ∞ + (T′ w −T′ ∞ ) Ax m to T′ ¼ T′ w , i.e. we obtain an isothermal scenario (constant wall temperature). It is observed in Figure 7 that as m is increased, the velocity of the Cu-water nanofluid is decreased in the boundary layer while the momentum boundary layer thickness remains relatively unchanged. As such, increasing the power-law exponent in the plate surface temperature variations serves as to decelerate the flow in the boundary layer. Also, it is found in Figure 8 that the temperature profiles of the Cu-water nanofluid increase with the decrease in the exponent m with slight changes in the thermal boundary layer thickness. Figures 9 and 10 show the development of the transient velocity and temperature profiles of Cu-water nanofluid with time t, respectively. As expected, the velocity of Cu-water nanofluid increases with a rise in time t and finally reaches the steady state. This is accompanied with significant increases in the momentum boundary layer thickness. However, as time advances, the temperature of Cu-water nanofluid is found to increase up to a certain value and then it starts decreasing and finally reaches the steady-state condition as shown in Figure 10 . Figures 11 and 12 that, the velocity and temperature of the Cu-water nanofluid as well as their boundary layer thicknesses increase with the increase in coordinate X. It is also observed in Figures 3-12 that the velocity and temperature of Cu-water nanofluid attains maximum at the surface of the plate or in the neighbourhood of the plate and then starts decreasing to zero monotonically with the coordinate Y for all values of Gr (thermal Grashof number), ϕ (nanoparticle volume fraction), m (exponent), t (time) and X (coordinate). Tables III and IV demonstrate the influence of thermal Grashof number on the local and average values of the skin-friction coefficient and the Nusselt number for different types of nanofluids, namely, aluminium oxide, copper, titanium oxide and silver-water. It is observed that the local and average values of the skin-friction coefficient and the Nusselt number for all nanofluids, namely, aluminium oxide, copper, titanium oxide and silver-water increase with an increase in the thermal Grashof number. This is expected because as the thermal Grashof number increases, the strength of the convection currents increases causing increases in the wall friction and in thermal state of the nanofluid and therefore, increased heat transfer. It is also noticed that the values of the local skin-friction 
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Variable surface temperature coefficient, average skin-friction coefficient and the average Nusselt number are maximum corresponding to Al 2 O 3 -water nanofluid and minimum corresponding to Ag-water nanofluid relative to the other nanofluids for all values of the thermal Grashof number. It is also found that the local Nusselt number for TiO 2 -water nanofluid is minimum for all Gr, but it is maximum for Cu-water nanofluid when Gr ¼ 2, 5, also it is maximum for Al 2 O 3 -water nanofluid when Gr ¼ 10, 15 relative to the other nanofluids. This is related to the fact to the relative thermal conductivities of these nanfluids.
Tables V and VI display the effects of the nanoparticle volume fraction ϕ on the local and average values of the skin-friction coefficient and the Nusselt number for a range of nanofluids containing nanoparticles of aluminium oxide, copper, titanium oxide and silver. From these tables, it is found that, an increase in the nanoparticle volume fraction reduces the local and average values of the skin-friction coefficient, It is also seen that, Al 2 O 3 -water nanofluid attains maximum values of the local skin-friction coefficient, average skin-friction coefficient and the average Nusselt number, but Ag-water gets minimum values of the local skin-friction coefficient, average skin-friction coefficient and the average Nusselt number relative to the other nanofluids for all values of ϕ. On the other hand, the local skin-friction coefficient corresponding to TiO 2 -water nanofluid is minimum, while it is maximum for Al 2 O 3 -water nanofluid and Cu-water nanofluid when ϕ ¼ 0.01, 0.02 and ϕ ¼ 0.03, 0.04, respectively. It is also observed that the local and average values of the skin-friction coefficient corresponding to pure water (ϕ ¼ 0) are greater than that of all considered nanofluids, while the local and average values of the Nusselt number for pure water (ϕ ¼ 0) are less than those of the nanofluids, namely, Al 2 O 3 -water, Cu-water, TiO 2 -water and Ag-water nanofluids. These behaviour are related to the effect of the nanoparticle volume fraction ϕ on the corresponding calculation of the nanofluids properties as shown in Table II Tables IX and X . From the data in the tables, it is found that the local and average values of the skinfriction coefficient increase with a rise in time t for all nanofluids, namely, aluminium oxide, copper, titanium oxide and silver. The local and average values of the skinfriction coefficient are minimum corresponding to Ag-water nanofluid and maximum corresponding to Al 2 O 3 -water nanofluid relative to the other nanofluids for all t. The average Nusselt number corresponding to Al 2 O 3 -water nanofluid is maximum relative to the other nanofluids for all t. It is also found that the local Nusselt number is maximum for Cu-water nanofluid when t is small (t ¼ 0.2, 0.5) and it is maximum for Al 2 O 3 -water nanofluid when t is large (t ¼ 1.0, 1.5, 2.0) when compared with the other nanofluids. It is interesting to note that the local and average values of the Nusselt number decrease with a rise in t up to a certain value of t and then these values increase with time for all nanofluids, namely, aluminium oxide, copper, titanium oxide and silver. This behaviour is related to the fact seen in Figure 10 as the temperature distribution reaches a maximum before it declines to reach the steady-state values. Table XI that the values of the local skin-friction coefficient increases from Ag-water nanofluid to Al 2 O 3 -water nanofluid through Cu-water, and TiO 2 -water nanofluids. This shows that the local skin-friction coefficient is minimum for Ag-water nanofluid and it is maximum forAl 2 O 3 -water nanofluid relative to the other nanofluids for all values of X. Moreover, it is noticed in Table XI that Al 2 O 3 -water nanofluid achieves the maximum value of the local Nusselt number for all X ¼ 0.2, 0.4, 0.6, 0.8, while Cu attains the maximum value of the local Nusselt number at X ¼ 1 relative to the other nanofluids.
Conclusions
In this paper, transient natural convection flow of a viscous incompressible nanofluid and heat transfer from an impulsively started semi-infinite vertical plate with variable surface temperature has been studied numerically. A range of nanofluids containing nanoparticles of aluminium oxide, copper, titanium oxide and silver is considered. A robust, well-tested, implicit finite-difference method of the Crank-Nicolson type has been used to solve the governing non-dimensional partial differential equations. The effects of significant parameters such as the thermal Grashof number, nanoparticle volume fraction, temperature exponent and the nanofluid type on the flow and heat transfer characteristics have been discussed. From the present computations, we found that as the temperature exponent m is increased, both of the velocity and temperature profiles of the Cu-water nanofluid are decreased. Also as the temperature exponent m increases, all of the local skin-friction coefficient, average skin-friction coefficient and the average Nusselt number decrease, while the local Nusselt number increases for all nanofluids, namely, aluminium oxide-water, copper-water, titanium oxide-water and silver-water. Moreover, for all values of the temperature exponent m, selecting aluminium oxide as the nanoparticle leads to the maximum average Nusselt number (the rate of heat transfer), while choosing silver as the nanoparticle leads to the minimum local Nusselt number compared to the other nanofluids. Also, choosing silver as the nanoparticle leads to the minimum skin-friction coefficient (viscous drag), while selecting aluminium oxide as the nanoparticle leads to the maximum skin-friction coefficient (viscous drag) for all values of the temperature exponent m. In addition, increasing the nanoparticle volume fraction is predicted to reduce the local and average values of the skin-friction coefficient whereas the local and average values of the Nusselt number enhance for all considered nanofluids. Moreover, the local and average values of the skin-friction coefficient and the Nusselt number increase as a result of increasing the thermal Grashof number for all considered nanofluids. The present study has examined unsteady Newtonian nanofluid transport. Future studies will investigate transient non-Newtonian nanofluid flows and will be communicated imminently.
